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1. Introduction 
In this paper we give cohomological characterisations of finite solvable, super- 
solvable and nilpotent groups. These characteriszation *theorems involve the 
cohomology of G with simple kG-modules as coefficients where k is a finite prime 
field. 
Other cohomological characterisations of nilpotent groups can be found in the 
literature, see for example [9]. Also, the Theorem of Huppert-Thompson-Tate 
(see for example [14], p. 93) can be viewed as a homological characterisation of 
nilpotent groups. Generalizations of this latter theorem can be found in Quillen 
[12] and in Stammbach [15]. Cohomological characterisations of solvable and 
supersolvable groups do not seem to appear in the literature.’ 
We consider only finite groups G. Throughout the paper we fix a prime p and 
denote by k the field of p elements. Whenever necessary we regard k as a trivial 
kG-module. In our theorems we obtain characterisations of p-solvable, p- 
supersolvable and p-nilpotent groups. If our hypotheses are satisfied for all primes 
1~ dividing the group order we clearly obtain characterisations of solvable, 
supersolvable and nilpotent groups. Our Theorem A eals with the case of 
p-solvable groups (see [lo], p. 659) 
Let G be a finite group. For any kG- 
G. Then G is p-solvable if and only 
simple kG-modules 
denote its 
= 0 for all 
* The author is grateful to the athematical Institute of the University of Oxford for hospitality 
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obtained the equivalence (i) e (ii) of Theorem C. 
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We remark that the “only if” part is due to Gaschiitz (unpublished). Our 
Theorem B gives more information about he p-chief factors of G (see [Xl], p. 685). 
Theorem k Let G be a finite group and let W = {MI,. . . , M,} be a complete set of 
simple kG-modules. Let B2 = W U IDE” be a partition of SR satisfying the hypothesis 
(HI if M’ E 98’ and M” E %“, then ExtQM’, M”) = 0 = ExtQM”, M’). 
Then the following statements are equivalent. 
(i) G is p- solvable and all its p-chief factors belong to 92’; 
(ii) H’(G/C(M’), M’) = 0 d;or all M’ E snl, 
H’(G, .M” I*= 0 for all ‘M* e 98”; 
(iii) H’(G/C(M’), M') = 0 for all MS 51)2’ and i = 1,2,. . . ; H’(G, M”) = 0 for all 
M”E!8”andi=O,l.. . . I, 
Our Theorem C deals witlr the case of p-supersolvable groups (see [lo], p. 716). 
Theorem C. Let G be a finire group. Then the fol!cpwing statements are equivalent 
(i) G is p-su$iersolvable, 
(ii) H’(G, M) = 0 for all simple kG-modules of k-dimension d a 2, 
(iii) H”(G, M) = 0 f or all simple kG-modules of k-dimension d a 2 and i = 
0, ‘I j... . 
I3nally our Theorem D deals with the case of p-nilpotent groups (see [lo], 
p. 427). 
Theorem D. Let G be a finite group. Then the following statements are equivalent 
(i) G is p-nilpotent, 
(ii) H’(G, M) = 0 for all non-trivial simple kG-modules M, 
(iii) H’(G, M) = 0 for all non-trivial simple kG-modules M and all i 3 0. 
In our proofs we shall need a homological characterisation of the simple modules 
belonging to a block (see Corollary 1). From this and as an application of our 
theorems on p-supersolvable and p-nilpotent groups we then easily obtain some 
results on the block structure of those groups (Corollaries 2, 3, 4, 5). 
2. Solvable groups 
Our Theorem A follows from Lemmas 1 and 2 below. Lemma 1 is due to 
Gaschiitz (unpublished). 
(Caschiitz). Let G# e be p-solvable and let be a faithful kG-mo&&. 
lIzen H’(G,M)=O for i >O. 
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Proof. Since M is faithful, the group G cannot contain any non-trivial normal 
p-subgroup (see [101, p. 485). Thus G contains anon-trivial normal p ‘-subgroup N. 
Consider the spectral sequence associated with the group extension N M G --u G/N 
H’(G/N, H’(N, M)) + H’+‘(G, M). 
Since N and M are of coprime order we have H”(N, M) = 0 for s a 1, so that 
H’(G, M) = H’(G/N, H’(N, M)) = Hi(GIN, MN). 
Now MN is a kG-s&module of M. Since M is faithful and simple it follows that 
MN = 0. This completes the proof of Lemma 1. 
Lemma 2. If H’(G/C(M), M) = 0 foi all simple kG-modules M, then G is 
p-solvable. 
Proof. We consider the group G of smallest order which satisfies the hypothesis of 
Lemma 2, but which is not p-solvable. We claim that G cannot be simple. It 
certainly cannot be cyclic of prime order, for any such group is p-solvable. If G is 
simple and non-abelian, then every non-trivial kG-module M is faithful, so that by 
hypothesis H’(G, M) = 0. Since H’(G, k) = 0 also, we conclude that H’(G, A) = 0 
for any finite dimensional kG-module A. But then it follows by dimension’shiftini 
that H’(G, A) = 0 for all i a I. This implies that p does not divide the group order 
(see for example [ 161). Thus G would be a @-group, hence p-solvable. This is a 
contradiction. 
We consider then a minimal normal subgroup c? # N# G. Then N cannot be 
p-solvable, for otherwise G/N would not be p-solvable, would satisfy the 
hypothesis of Lemma 2 and would be of smaller order than G. Since N is not 
p-solvable and is of smaller order than G there exists a simple kN-module B such 
that H’(NJC(B), B) # 0. 
11. 
In particular we have that B# k. The beginning of the five term sequence 
O-, H’(NJC(B), B)-+ H’(N, B)-+ 9.. 
associated with C(B) - N-u N/C(B) then shows that iY’(N, B) # 0. 
We now consider A = HomM(kG, B). We have 
H’(G,A)= H’(G,HomN(kG, B))= H’(N, B)#O. 
By induction on the length of the G-composition series of A# there is a composition 
factor A ’ of A such that H1(G, A ‘) # 0. Hence by hypothesis on G the centralizer 
L‘ of A’ is non-trivial. Of course the module A ‘ considered as k&module is 
completely reducible, the simple summands being kN-modules conjugate to 
these are certain G-conjugates of C( is a non-trivial 
)# N. It follows that the centraliz 
G-n. > i L ,.\I subgroup S which is contained in some G-conjugate 
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minimal, S must be trivial. Thus G/D contains a copy of N and hence cannot be 
p-solvable. On the other hand it clearly satisfies the hypothesis of Lemma 2 and is 
of smaller order than G. This contradicts the minimality of G. 
We remark that it is enough to consider simple kG-modules M lying in the 
principal k&i-block. For suppose M does not lie in the principal kG;block, then 
clearly M does) not lie in the principal k(G/C(M))-block. He,nce,automatically 
Hi(G, M) = H’(G/C(M), M) = 0 for all i 2 0 (see for example [2], -p. 178). 
3. The chief factors of a solvdble group 
The following is a generalib ation due to Cossey and Gaschiitz [3] of a result of 
Fong and Gaschiitz [5] (see af 50 [6]). For completeness we include a cohomological 
proof of it. 
Proposition 1. Let G be a group and let M be an abelian chief factor of G with 
p / 1 M 1. Then M is in the pi Incipal block of kG. 
Proof. Let N 2 N be two normal subgroups of G with M/N = M and let 
N/N -+ G/&i --)) G/N (3 0 . 
be the corresponding group extension. Consider the 5-term sequence associated 
with (3.1) for M as coefficient module 
()-, H’(G/N, M)+ H’(G/fl, M)-, Homo (M, M) -% H*(GIN, M)+ l l l l 
Since Horn&M, Mb# 0, we have that H’(G/fl, M)# 0 or H*(G/N, M)# 0. In 
either case M is in :3:c principal p-block of some quotient of G. By the definition of 
blocks as two-si&f!. ideals in the group algebra it immediately follows that M 
belongs to the pr&pal p-block of G. 
Remark. If M is complemented in G, i.e. if the extension (3.1) splits, then 
&(lM) = 0 (see [$I, p. 209). Hence H’(G/N, M)# 0, so that H’(G,M)# 0. We 
have bczg_unable to prove or disprove the statement hat for any M in the principal 
block there is an i 3 1 such that H’(G, M)# 0. 
Let $R = !B!’ U 9%” be a partition of the simple kG-modules, satisfying 
(W if M’E 22’ and M” E !I!%?‘, then Ex&(M’, M”) = 0 = Ex&(M”, M’). 
Then ‘cZD? and “E !?I?’ do not beiong to the same block of kG. 
Suppose they do, then there exists a sequence of simple modules 
, . . . , M;, = M” such that in the sequence of the associated principal projec- 
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tive modules P’ = PI, P2, . . . , P, = P” the modules Pi and Pi+ 1 contain a common 
composition factor (see [4], p. 378). It will thus be enough to show that. the 
composition factors of a principal projective P belong either all to !@’ or all to !D?‘. 
Suppose this is not true. Then let 
be a composition sex-i-es. Let Qo/Q1 = A? E m’ and let i 2 1 be the smallest integer 
such that Qi/Qi+l= fi E ZV’. Using (H) we see that Qo/Qi+l E 6 $, QJQi. But then 
P would have a and fi as epimorphic images. This is a contradiction. 
We say that two simple kG-modules A&, A& are related, A& - A& if 
Ex&(A&, A&) # 0 or Ext:&&, M,) # 0. We then consi ler the equivalence relation 
“ = ” generated by “ - “. We have 
Corollary 1, Two simple kG-modules are in the same equivalence class 
equivalence relation = if and only if they belbng to the same block. 
under the 
Proof. It is clear that if Ext:&M,, A&)# 0 then MI, A& belong to the same block. 
This proves one direction. To prove the converse we suppose that MI, AJ& belong to 
the same block but not to the same equivalence class. Consider the equivalence clas: 
m’ of A& and define Xl?” to be the union of the other equivalence classes. By the 
definition of equivalence classes the partition !lR = m’ U 8” satisfies the hypothesis 
(H). By Proposition 2 the modules in the same block as lM1 belong to n’. But 
A& E %l?‘. This is a contradiction. 
We now continue by giving a proof of Theorem B. 
We first prove (i) + (ii). It is clear from Theorem A that for M E m’ we have 
H’(G/C(M),M) = 0 for i 2 1. By Propositions 1 and 2 the simple modules in the , 
principal block of kG belong to !8’. Hence the modules of Y%?’ do not belong to the 
principal block by Proposition 2. Thus Hi (G, M”) = 0 for M” E 9%“. 
The implication (iii) + (ii) is trivial. 
In order to prove (ii) + (i) we first note that H’(G, M”) = 0 implies 
Hl(G/C(M”), M”) = 0. This follows easily from the beginning of the S-term 
sequence associated with C(A4”) H G --)) G/C(M”). We may thus concluide from 
Theorem A that G is p-solvable. Since the p-chief factors all belong to the 
principal block by Proposition 1 we see that they either belong all to m’ or to %l?‘. 
We have to prove that they belong to 9.R’. Suppose they belong to %“, then the 
modules in %? would not belong to the principal block, so that H’(G, M’) -z 0 for all 
M’E %‘. But then the homology of G with any kG-module as coeflicients would 
be trivial, and it would follow that G is a P’-group (see [ 161). Since a F’-group does 
n rave non-trivial p-chief factors this c oof of Theore 
e remark that in our proof of Theorem 
to show that the simple modules in the principal block either all belong to 8? or %?‘. 
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Of course in thre statement of Theorem B we can replace hypothesis (H) by this 
weaker one. 
4. superso1vable gruoups 
Here we prove Theorem C. 
In order to prove (ii) + (i) we invoke Theorem B. Let 8!@ =%X! U !iW be the 
partition of the set of isomosqhism classes of simple kG-modules, where n 
consists of the simpllJe LG-modules of dimension one and %” consists of the simple 
&G-modules of dimlcnsion d ZB C ‘. We shall prove that this partition satisfies (H). We 
first remark that for M’E 9R’ a.~d M” E BZ” we have 
E&(M’, M”) = H’(l;3, Horn/M’, M”)). 
Since M’ is one diml:!nsional atid MN is simple of dimension d a 2, Hom(M’, M”) is 
again simple of dimension d. Thus if (ii) is satisfied, our partition satisfies (H). 
In order to be able to alpply Theorem B it remains to prove that 
H’(G/C(M’), Ml) = 0. But if Ml is one dimensional, G acts via the multiplicative 
group k * of k. Hencle 1G/C(M “)I1 is a divisor of p - 1. But in that case 1 G/C( M’) 1 
and 1 M’l are relatively prime, so that H’(G/C(M’), M’) = 0. 
Since (iii) + (ii.)1 is trivial, it remains to prove (i) =+ (iii). Thus let G be 
p-supersolvable and let M be a simple kG-module of dimension d 3 2. Let 
C = C(M). Then wit: have H’(G/C, M) = 0 for i 3 1 by Theorem A. Choose a 
G-composition series 
We then proceed by induction QID the group order. Thus we suplpose that 
H’(GINI, M’) = o, i a I. 
CP- -fder then the extension NI.>;r G + GINI and the associated spectral sequence 
H’(G/N, H*(N!, M)) + H’+‘(G, M). 
If N1 is a p’-group, then H”(N[, M) = 0 for s a 1, so that 
H’(G, M) = H’(G/N,, M) = 0. 
If Nl= M’ is a kG-module of dimension one, then 
H’(N, M) =: HomfH,(M’, k), M) = ,?;i. 
Hr*S(Gy M) = 0. We note as a con\;equence, of Theorem C and Corollary 1 
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Corollary 2. A finite group G is p-supersolvable if and only if the principal block of 
kG contains only one dimensional simple modules, 
As a further application we prove 
Corollary 3. Let G be p-sup&solvable and let kl, . . . , k, be the non -isomorphic 
simple modules in the first block. Then every block (of G contains at most t 
non-isomorphic simple modules. 
Proof. We shall prove that if Extko(M1, M2) # 0 then Mz = ki @Ml for some i. By 
our characterisation of blocks (Corollary 1) and using the fact that ki @ kj @M s 
k&M for some I, this is clearly enough. Thus let Ex&(M,, M2) = 
H’(k, Horn@&, M2)) # 0. It follows that the module A = Hom(MI, M,) contains a 
composition factor belonging to the first block. Let 
be a composition series and let 1 be the largest integer wit fi A,/Ar+t s ki for some i. 
Then Ext&(k,, A,+l) = 0, so that Al = ki @Al+l. It then easily follows that 
Homko(ki, A) # 0. But we have HOmko (ki, Hom(M1, Mz)) = Homrto (ki @Ml, M$ 
Since MI, M2 and hence also ki QP MI are simple it foil ws that ki @MI = Mz. 
5. Nilpotent groups 
Here we prove Theorem D. In order to prove (ii) + (i) we invoke Theorem B. 
We consider the partition m = %I? U w of the set of isomorphism classes of simple 
kG-modules where !!I? consists of the trivial module only and !!lI?’ consist of all 
non-trivial simple kG-modules. Then Ex&(k, M”) = H’(G, M”) = 0 so that the 
partition satisfies (H). Since C(k) = G we have H’(G/C(k), k) = 0. Thus it follows 
from Theorem B that G is p-solvable and all its p-chief factors are isomorphic to k. 
Hence G is p-nilpotent (see [lo], p. 428). 
Since (iii) =+ (ii) is trivial, it remains to prove (i) + (iii). Thus let G be 
p-nilpotent and let M be a non-trivial simple kG-module. Then G has a normal 
p-complement N, so that G is the split extension of N and a p-Sylow subgroup P. 
We then consider the spectral sequence 
H’(P, H”(N, M)) + H’+“(G, M). 
Since 1 N ] and 1 M 1 are relatively prime the spectral sequence collapses and we 
obtain 
H’(G, M) = .W(P, H’(N, M)) = H’(P, MN). 
Since M is simple we have MN = (3 w In the Uter case N would operate 
trivially on M, so that M would be 2 ::imple k (G/N) = kP module, i.e. we would 
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have M = k. But this is a contradiction sinire we have assumed that M is {Ion-trivial. 
Thus MN = 0 and hence H’(G, M) = 0, for t a 0. 
We remark that it follows from Theorem D that a group G is p-nilpotent if and 
only if the principal block of kG consists of the triviirl module only. This is also a 
sjvell-known result in modular epresentation theory (see [l], p. 157). 
Corollary 4. A finite group G is p-nil’otent if and only if the principal block of kG 
consists of the trivial module k only. 
AS a further application we a:lso prove the following generalization ofCorollary 4 . 
(see [13], or [ll], p* 545). 
Corollary 5.2 Let G be p-nilpo: vzt with p /I G I. Then every block of kG contains at 
most one isomorphism class of :,n’mple kG-modules. 
Pmf. Suppose one block con-iains two non-isomorphic simple kG-modules. Then 
we conclude from Proposition 2 that there are two simple modules MI, M2 with 
MS # MZ and Ext:,(M,, Mz) #‘O. Hence H’(G, Hom(M1, Mz)) # 0. By Corollary 4 it 
follows that M = Hom(M1, A&) contains k as a composition factor. But then 
MO = Homko (MI, M2)# 0, by Lemma 3 below, so that MI = M2. 
l,emma 3. Let G be a p-nilpotent group tvith p /I G I, and let M be a kG-module 
containing k us composition factor. Then MG = H’(G, M) # 01. 
Proof. FI’: proceed by induction on the length of the composition series oE M. If M 
is simple, then M = k, so that H”(G, M) = k. If M is not simple, let fi be a simple 
submodule and consider the extension J@ v M-H M/I@. The; we have an exact 
sequence 
O-, H’(G, I@)-, H’(G, M)+ H’(G, M/I@)+ H’(G, Ii@-, l l l . 
If a = k then H’(G, I@) = k and H’(G, M)# 0. If fig k then H’(G, I@) = 0 by 
Theorem D. Since M/@ has k as composition factor and has a shorter composition 
series tha$l M, we have H’(G, M/I@) # 0 by induction. Hence H’(G, M) # 0. This 
completes the proof of Lemma 3. 
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